Abstract-Cache-enabled small base station (SBS) densification is foreseen as a key component of 5G cellular networks. This architecture enables storing popular files at the network edge (i.e., SBS caches), which empowers local communication and alleviates traffic congestion at the core/backhaul network. This paper develops a mathematical framework, based on stochastic geometry, to characterize the hit probability in multi-channel cache-enabled 5G networks with both unicast/multicast capabilities and opportunistic spectrum access. To this end, we first derive the hit probability by characterizing the opportunistic spectrum access success probabilities, service distance distributions, and coverage probabilities. An optimization framework for file caching is then developed to maximize the hit probability. To this end, a simple concave approximation for the hit probability is proposed, which highly reduces the optimization complexity and leads to a closed-form solution. The sub-optimal solution is benchmarked against two widely employed caching distribution schemes, namely, uniform and Zipf caching, through numerical results and extensive simulations. It is shown that the caching strategy should be adapted to the network parameters and capabilities. For instance, diversifying file caching according to the Zipf distribution is better in multicast systems with large number of channels. However, when the number of channels is low and/or the network is restricted to unicast transmissions, it is better to confine caching to the most popular files only.
burden on cellular operators. Such evolution entails massive numbers of connections with data hungry application. For instance, video streaming is a main contributor to the wireless traffic with anticipations to consume around 82% of the total internet traffic by 2020 [2] . Fortunately, with the aid of data analytics on social networks, operators can estimate the popularity of contents (e.g., videos, mobileapplications, and software updates) in terms of the volume of user demand. Relying on this fact, the fifth generation (5G) of cellular networks is evolving to be data-centric. In particular, cellular operators will densify their networks via cacheenabled small base stations (SBSs), and implement proactive caching of popular content at the network edge [3] . Furthermore, proactive caching at the device-to-device level is also proposed to fully utilize network edge resources [4] [5] [6] [7] . This clearly improves the spatial frequency reuse, relieves the backhaul congestion, and reduces download latency. For instance, recent studies show that proactive caching has the potential to reduce 66% of the backhaul traffic when employed in cellular networks [8] .
A fundamental and widely employed design objective in data-centric networks is to maximize the probability that users find their requested popular files in the cache of an accessible edge SBS, also known as the hit probability. 1 More precisely, the hit probability is defined by the joint event of finding a SBS that i) is caching the requested popular file; and ii) is capable of serving the requesting user with at least a minimum pre-defined threshold of signal-to-interferenceplus-noise-ratio (SINR). Such joint event implies that maximizing the hit probability requires both an optimal content placement in the SBSs and an efficient spectrum/interference management. On one hand, optimal caching increases the probability to find the requested content in a proximate SBS. On the other hand, since the catering SBS is not necessarily the geographically closest SBS to the requesting user, spectrum and interference management is necessary to attain the predefined SINR threshold. However, the literature mostly focuses on the optimal caching problem and overlooks the appropriate spectrum and interference management aspects of data-centric cellular networks. For instance, the authors in [9] propose an optimal caching distribution that maximizes the hit probability in order to alleviate core network delay and achieve minimal file downloading time. In [10] , the centralized caching in a two-tier network is addressed. To improve the hit probability, a caching algorithm accounts for both the single-tier multicast opportunities and the correlations of caching across the two tiers is developed. However, the work in [9] and [10] assumes interference free environment. Using stochastic geometry, the interference effect is accounted for in [11] , where the most popular files caching policy is adopted. Thus, the user is always associated to its geographical closest SBS and the requested file is either downloaded from the local cache or through the core network over the backhaul link. However, such model lacks the caching diversity, underutilizes the dense cellular infrastructure, and does not exploit multiple SBS diversity in terms of association. In [12] [13] [14] [15] [16] , the optimal file placement in SBSs is proposed to maximize the hit probability. However, the works in [12] [13] [14] [15] [16] consider a single channel system in a fully loaded SBS scenario, which contradicts with the intrinsic multi-channel nature of cellular networks and thus leads to pessimistic performance assessments.
In practice, the multi-channel access in a cellular network is exploited to diversify transmissions, relief interference, and thus, improve the network performance. The multi-channel exploitation is attained through spectrum access strategies that guarantee efficient usage of the spectrum resources. In this context, opportunistic spectrum access (OSA) was shown to be an appealing solution to mitigate dominant inter-cell interference and boost the coverage probability 2 [17] [18] [19] [20] . Depending on the application and network capabilities, two approaches can be employed to deliver the popular content, namely, the unicast and multicast schemes. The unicast scheme serves each user request on a unique frequency channel irrespective of the requested content. In contrast, multicast schemes group similar requests at the same BS and simultaneously serve them all on a single channel. Hence, multicast schemes are more spectrum efficient, but at the expense of coordination and synchronization overhead. Due to the imposed tradeoff between complexity and spectral efficiency, both the unicast and multicast schemes are used in practice. For instance, the dynamic adaptive streaming over HTTP (DASH) is a unicast video delivery technique that is used for video on demand (VoD) services [21] . On the other hand, the Evolved Multimedia Broadcast and Multicast Services (eMBMS) technology is utilized within the 3GPP LTE for Live Video/Audio streaming [22] . Hybrid multicast/unicast transmission techniques also exist for DASH over MBMS for LTE [23] . Since both techniques are viable alternatives for popular content delivery in 5G networks, they are both studied in the literature. For instance, a joint optimal file placement and multicast in a multi-channel system is proposed in [24] and [25] . However, they follow a rigid frequency reuse scheme, which is well-known to underutilize the spectrum resources [20] . The authors in [26] analyzed the performance of cache-enabled net- 2 Caching popular files at the network edge relieves backhaul congestion as it brings frequently requested files at the network edge. As will be shown later, exploiting OSA in addition to caching further improves the hit probability as it mitigate interference and enables more diversified caching at the network edge. Note that aggressive interference restricts users to be served from the geographically closest BS. Hence, the caching diversity is limited, which leads to poor hit probability.
works with opportunistic spectrum access in a multi-channel environment. However, [26] considers a single-user unicast scenario.
This paper develops a mathematical model, based on the stochastic geometry [27] , for cache-enabled 5G networks with OSA in a multi-channel environment. We assume a Poisson point process (PPP) cellular network with Zipf distributed file popularity. The PPP assumption is widely accepted for modeling cellular networks to retain tractability [28, Table I] and has been verified in [29] [30] [31] by several empirical studies. In contrast to the literature, we consider both caching optimization and OSA based interference management for unicast and multicast content delivery. Since the requested file by any user may not be served from the geographically nearest SBS, the catering SBS utilizes OSA to alleviate interfering with all SBSs that are closer to this demanding user. 3 To this end, we characterize the hit probability and propose a simple concave approximation for it. This concave approximate expression is then used to formulate and solve a reducedcomplexity optimization problem and derive a closed-form sub-optimal file placement solution. The proposed sub-optimal caching solution is benchmarked against the conventional Zipf and uniform based caching. The main contributions of this paper are as follows:
• OSA: We propose OSA in caching enabled cellular networks, which is not considered in the literature. Exploiting the available channels, which are universally reused by all SBSs, the catering SBS opportunistically transmits the requested file on a channel that is not used by any closer SBS to the requesting user. Such distributed interference management would improve the hit probability.
• Unicast/Multicast: We study the performance of the cache-enabled network using both unicast and multicast transmission schemes. 4 In the unicast mode, each file request is served on a unique channel. On the other hand, the multicast scheme groups similar requests on a single channel, which leads to more efficient spectrum utilization.
• Mathematical Model: To the best of the authors knowledge, this paper presents the first integrated stochastic geometry model and optimization framework for unicast/multicast OSA cache-enabled network in a multi-channel environment. The developed mathematical model is verified via independent Monte Carlo simulations. 3 The SBSs that are closer to the user than the serving SBS can be determined through the neighboring cell list (NCL) reported by each user. The NCL contains the IDs of candidate BSs for association, and is mainly used for handover management and user-centric coordinated/cooperative multi-BS transmissions [32] [33] [34] [35] . The serving SBS can inquire about the channels used by each of the SBSs closer to the demanding user on the signaling backhaul link. 4 The developed mathematical model can be directly extended to the hybrid unicast and multicast scenario. Consider the case where the file type determines the transmission scheme, i.e., either unicast or multicast. In this case, each multi-cast group will be treated as single unicast transmission. That is, the first multicast demand will determine whether the file is transmitted or not. More demands for the multicast file will only improve the hit probability without further utilization of more channels. Due to the paper size constraint, the file placement optimization for such hybrid scheme is left for future work.
• Caching optimization: In contrast to the popularity based caching that is agnostic to the network parameters, we propose a sub-optimal caching scheme that adapts to the network conditions to maximize the hit probability.
• Design Insights: The paper reveals novel insights to the caching strategy for the multicast and unicast schemes. For both schemes, aggressive interference lead to a deterministic most popular files caching policy at all SBSs. When interference is relieved (e.g., by increasing the number of channels, enabling muticast, or decreasing the SINR threshold), there exists an optimal probabilistic caching scheme that diversifies the stored files over the SBSs. The rest of this paper is organized as follows. Section II introduces the system model. The OSA success probability is derived in Section III. In Section IV, the coverage probability expression is obtained. The caching optimization problem is formulated and solved in Section V followed by the numerical results in Section VI. Finally, Section VII concludes the paper.
II. SYSTEM MODEL

A. Network Model
We assume that the SBSs and the users are distributed in R 2 according to two independent homogeneous PPPs, Φ b and Φ u , with intensities λ b and λ u , respectively. In the considered downlink scenario, all SBSs transmit with the same power P and share a common set of channels S with cardinality |S|. The signal attenuation due to propagation is characterized by the power-law distance depended path-loss model r −η , where r is the propagation distance and η > 2 is an environment dependent exponent. A Rayleigh fading environment is assumed with independent and identically distributed channel gains with unit mean. According to Slivnyak-Mecke theorem [36] , there is no loss of generality in focusing on a test user, located at the origin, to analyze the network performance.
B. Caching Model
We consider a finite library of popular files (contents), denoted by J = {c 1 , c 2 , ..., c J }. It is assumed that all files have the same length. However, this analysis may still be applied with files of different sizes by chopping each file into equal length packets. We assume that the files popularity is fully known a priori for the network operator and follows the Zipf distribution [37] 5 . The files popularity is expressed as:
where a j is the probability that a generic user requests the file c j , and γ is the Zipf parameter that governs the popularity distribution skewness. Larger (smaller) γ increases (decreases) the discrepancies among the files popularity and implies that fewer (more) files are frequently requested. Without loss of generality (WLOG), it is assumed that the files of the library are enumerated in a descending order of their popularity, i.e.,
Each SBS has a cache memory of size M < J files. It is assumed that each SBS independently chooses a combination x ∈ X of M different files to store in its cache, 6 where X denotes the set of all possible combinations with a set cardinality |X| = J M . Let p x denote the probability that a generic SBS stores a combination x ∈ X. Consequently, p x satisfies the following constraints:
Thus the probability that a generic SBS stores a particular file c j is given by
where X j ⊆ X constitutes the set of all possible file combinations that contain the file c j . The caching distribution P = {p x : x ∈ X} is considered as a key design parameter that controls the network performance as explained in the sequel. In this paper, the uniform and Zipf caching are considered as the benchmarks file placement schemes. In the uniform caching, the M -files combinations are cached randomly and uniformly into the SBSs. Thus, p x = 1 |X| and from (3),
On the other hand, the Zipf caching follows the popularity of files, i.e., the Zipf distribution. Thus, the probability that a combination x ∈ X to be stored at a generic SBS is p x = 1 M j∈x a j .
C. Channel Assignment Policy (OSA)
Let r i denote the distance from the test user to the i th SBS. WLOG, it is assumed that the indices of the SBSs are enumerated in an ascending order of their distances from the test user at the origin such that the inequality r 1 < r 2 < · · · < r n−1 < r n always hold. Each user requesting a file c j is associated to the nearest SBS that caches a files combination x ∈ X j that includes the requested file c j . Since M < J, the catering SBS is not necessarily the geographically closest SBS. When the user is served by the n th SBS, the requested file is transmitted over a channel that is not used by the (n−1) closer SBSs. Particularly, the catering SBS avoids interfering with any of the (n − 1) SBSs that exist within D(r n ), where D(r) defines the set of SBSs within a disc of radius r centered at the origin. If the SBSs within D(r n ) utilize the complete set of channels for serving their attached users, the catering SBS randomly and uniformly selects a channel to transmit 6 File redundancy at the same cache is avoided as it wastes the memory resources at no additional benefit. the requested file to the test user. 7 We will refer to the former (latter) event, representing the presence (absence) of an unused channel for the catering SBS transmission, as OSA success (failure).
D. Transmission Scheme
In this work, we develop a framework for networks adopting both the unicast-based and multicast-based transmission modes. In the former scenario, each SBS serves each of its associated users over a different channel from the set S. On the other side, multicast-based transmission mode groups all users that request the same file from the same SBS and simultaneously serves them all over a single channel. As highlighted in Section I, each transmission scheme has its own merits, and hence, both are utilized in practice. Since multicast transmission aggregates similar requests on the same channel, at most M channels are used by an SBS (i.e., when all of its cached files are requested). 8 
E. Performance Metric
The hit probability, defined by the joint event of having the requested file by the test user cached at an accessible edge SBS and being served successfully with an SINR greater a certain threshold β. The hit probability is the main performance metric considered in this paper. According to the law of total probability, the hit probability can be expressed as:
where a j is the probability that the test user requests the file c j ; b j (1−b j ) n−1 is the probability that the desired file is both available at the n th SBS and is not stored in any of the (n−1) closer SBSs; C n denotes the coverage probability when OSA is successful, C n denotes the coverage probability when the OSA fails; and O n represents the OSA success probability when the requesting user is served by the n th SBS. According to (4), the hit event occurs when the requested file is stored in any of the SBSs covering the user. Otherwise, a miss event happens and the user is served by its geographically closest SBS, which downloads the requested file from the core network. This paper explicitly focuses on the hit event analysis and optimization for both the unicast and multicast schemes. 9 Table I summarizes the mathematical notations used throughout the paper.
III. OPPORTUNISTIC SPECTRUM ACCESS
This section derives the OSA success probabilities for unicast and multicast transmission schemes. The OSA success 7 We do not assume jointly optimized channel allocation between neighboring SBSs, which may be complex to realize. Instead, we assume the each SBS can communicate with other SBSs on the signaling backhaul links, or communicate with a central server that contains all channel assignments, to inquire about the used channels by neighboring BSs. 8 The effect of user blocking when the number of users requesting files from a SBS is greater than the number of available channels |S| is beyond the scope of this paper. 9 To confine the focus of the paper to the hit probability and file placement optimization, the multicast overheads (e.g., synchronization overhead) are beyond the scope of the paper. probability O n is defined in (4) and is used to compute the weighted average of the coverage probabilities in the considered caching systems. As stated earlier, the OSA process is considered successful if the catering SBS of order n finds a free channel, i.e., a channel not used by any of the (n−1) SBSs closer to the requesting user. Hence, the OSA success depends on three factors: i) the number of users requesting each file, ii) the order of the catering SBS (i.e., n), and iii) the channel assignment scheme per SBS for the users requesting each file. The first two factors are independent from the transmission schemes. In contrast, the channel assignment is affected by whether a unicast or multicast transmission mode is adopted. Note that the correlations among the adjacent Voronoi cell sizes along with the OSA impose an interdependence between the number of used channels in adjacent SBSs, which impedes the exact characterization for OSA. Hence, we resort to the following two approximations:
Approximation 1: Independent and identical uniform scheduling for users at each SBS is assumed, which ignores the OSA scheduling interactions among adjacent SBSs.
Approximation 2: The numbers of users requesting each file from a common SBS are assumed to be independent.
Furthermore, the numbers of users served by adjacent SBSs are assumed to be independent. Note that Approximations 1 and 2 are mandatory for tractability and are validated in Section-VI via Monte Carlo simulations.
Let U i denote the number of users that request c i and are served by the same SBS that stores it. Using the thinning property of the PPP [38] , the complete set of users requesting the file c i constitutes a thinned PPP Φ u,i of intensity a i λ u and the set of SBSs that store c i forms an independent thinned PPP Φ b,i of intensity b i λ b . Exploiting Approximation 2, the PMF of U i is given by [19, Appendix B]
where
and v = 3.575 is a constant related to the PPP Voronoi cell area distribution in R 2 . Note that this expression is valid only when the cellular users are assumed to be spatially distributed according to an independent PPP and their associations to the SBSs are based on the maximum average received signal power, i.e., each user is associated with the nearest SBS that stores its requested file.
The number of users requesting each file is independent from the transmission scheme. Hence, (5) is legitimate to compute the OSA success probability in both the unicast and multicast schemes.
A. Unicast Mode
Exploiting the fact that each user is served on a unique channel, the PMF of the number of channels used by a generic SBS is given by the following lemma.
Lemma 1: Let r n be the distance between the catering SBS and the requesting user, then the PMF of the number of used channels by a generic SBS inside r n , denoted as N −j , is given by:
where the subscript (−j) indicates that the requested file c j is not stored by any of the SBSs within D(r n ). Proof: Please refer to Appendix A. Recalling that U i is the number of users that request c i , the term P i∈A U i = k in (6) denotes the PMF of the total number of users requesting the files in the set A. Due to unicast, the number of users is equal to number of used channels. According to (5) , the PMF of each of these random variables depends on the file popularity a i and caching probability b i . Exploiting Approximation 2, the PMF of i∈A U i in (6) is approximated via the convolution of the probability mass functions (PMFs) of U i ∀ i ∈ A. Alternatively, the PMF of the sum can be defined by the product of the characteristic functions. Let φ ui and φ u denote the characteristic function of U i and i∈A U i , respectively. Thus, φ ui is given by
where i = √ −1. Therefore, the characteristic function φ u is given by
While (6) describes the number of channels used by a single SBS that does not contain c j , the OSA process requires calculating the total number of unique channels (i.e., without counting repetitions of the same channel) used by all SBSs within D(r n ). Let P n−1 (κ) denote the PMF of the number of channels used by the SBSs within D(r n ). Exploiting the i.i.d. uniform scheduling approximation (i.e., Assumption 1) and following [40] , P n−1 (κ) can be expressed via the following recursive equation:
Using (6)- (10), the OSA success probability can be expressed as:
B. Multicast Mode
In the multicast mode, the users are grouped based on their demands, such that matching demands served by the same SBS are simultaneously transmitted over a single channel. Hence, the number of channels per SBS, which is upper bounded by M , is a function of the popularity of the cached files. Accordingly, the PMF of the number of used channels by a generic SBS inside D(r n ) is given by:
where ζ j denotes the probability that file c j is requested from a generic SBS. Particularly, ζ j is equal to the probability that at least one of the SBS's associated users requests c j . Using (5), ζ j is given by:
Exploiting Assumption 1, and restricting the number of channels used by each SBS to the cache size (i.e., M ), the recursive equation for the number of channels used by SBSs inside D(r n ) in (10) becomes:
where ½ {·} is the indicator function, i.e., ½ {z} = 1 if condition z is true, and is zero otherwise.
IV. COVERAGE PROBABILITY
In this section, we find the coverage probabilities for both the unicast and multicast transmission modes. The coverage probability is defined as the probability that the test user can successfully achieve a specified SINR threshold β. The SINR distribution is characterized for the OSA success and failure cases, to find the coverage probabilities C n and C n , respectively.
A. Distance Distribution
The first step to analyze the SINR is to characterize the service distance distribution. Conditioning on the fact that the catering SBS is of order n, the probability density function (PDF) of the service distance r n is given by [41, Lemma 3] 
According to the PPP, conditioning on r n , the (n − 1) nearer SBS are uniformly and independently scattered in D(r n ). Hence, the distance distribution between the user and a randomly selected SBS of the (n − 1) nearer SBS is given by:
The distance distribution in (16) is needed to characterize interference when the OSA fails, i.e., when the test user experiences interference from 1 ≤ κ ≤ (n − 1) SBSs within D(r n ).
B. SINR Analysis
The SINR distribution depends on whether the OSA succeeded or not. LetΦ b ⊂ Φ b denote the set of interfering SBSs that are using the same channel allocated to the test user. OSA success implies that the disc D(r n ) is interference free (i.e.,Φ b ∩ D(r n ) = ∅). Hence, the coverage probability is expressed as:
where h n (resp. h i ) is the channel gain between the test user and its catering SBS (resp. the i th interfering SBS), · is the Euclidean norm, I out = yi∈Φ b P h i y i −η is the total interference power resulting from the SBSs outside D(r n ) using the same channel allocated to the test user, and σ 2 n is the noise variance. Let T be the probability that a generic SBS outside D(r n ) is using the same channel as the test user. Exploiting Assumption 1 along with the thinning property of the PPP, the set of interfering SBSsΦ b forms an independent PPP with intensity T λ b .
On the other hand, OSA failure implies that there exist interfering SBSs within D(r n ), which should be considered in the coverage probability analysis. Consequently, the coverage probability becomes:
where I out = yi∈Φ b \D(rn) P h i y i −η is as defined in (17) and I in = yi∈Φ b ∩D(rn) P h i y i −η is the total interference power resulting from the SBSs inside D(r n ). Let T −j be the probability that an SBS inΦ b ∩ D(r n ) is using the same channel as the test user. Note that the definition T −j is more compounded compared to that of T . Indeed, T −j is the probability that an SBS is both interfering with the test user inside D(r n ) (as was T defined for SBSs outside D(r n )) and is not caching the file c j (since it is inside D(r n )). Conditioning on the distance r n , the coverage probabilities C n and C n are given by:
where 
and
and 2 F 1 (., .; .; .) is the Gauss hypergeometric function [43] . Note that (20) and (21) account for the fact that the file requested by the test user (i.e., c j ) is not served within D(r n ). Consequently, the intensities of the interfering SBSs outside and inside D(r n ) are given by T λ b and T −j λ b , respectively. By averaging over the PDF of the serving distance r n given in (15), the unconditional coverage probabilities can be expressed by (22) given at the top of the next page.
In the special case of interference-limited networks (i.e., σ 2 n = 0) and path loss exponent η = 4 (which is common for urban outdoor environments), the coverage probabilities in (22) reduce to the following closed-form expressions
The probabilities T and T −j in (22) and (23) depend on the employed transmission schemes, and are derived in the sequel.
C. T and T −j in Unicast Mode
Exploiting Approximation 1, the probability that a generic SBS outside D(r n ) uses the same channel as the test user T is characterized in the following lemma Lemma 2: The probability T that a generic SBS outside D(r n ) selects a channel randomly and uniformly out of the |S| available channels is given by:
where P[N = κ] is the PMF of the number of channels used by a generic SBS outside D(r n ), and is expressed as:
Proof: Please refer to Appendix B.
On the other hand, T −j accounts for the SBSs inside D(r n ) that use the same channel as the test user. Therefore, it can be obtained by (24) by replacing P[N = κ] by P[N −j = κ] defined in (6) , to consider the fact that the requested file c j is not stored in any of the SBSs within D(r n ).
D. T and T −j in Multicast Mode
Based on the fact that the number of used channels per SBS is upper bounded by M , and exploiting Approximation 1, T can be given by the following lemma.
Lemma 3: The probability T that a generic SBS outside D(r n ) selects a channel randomly and uniformly out of |S| is given by:
Proof: Please refer to Appendix C. Similar to the unicast mode, the probability T −j can be obtained by replacing P[N = κ] in (26) with P[N −j = κ] from (12) .
By substituting (22) and (23) along with (11) into (4), we obtain the general and closed-form expressions of the hit probabilities for the considered caching network using both unicast and multicast transmission modes, respectively. Such expressions pave the way for maximizing the hit probabilities through optimizing the caching parameters (b j and p x ) for given system and network parameters (λ b , λ u , β, |S|, and a j ), as will be discussed in Section V.
V. OPTIMAL CACHING DISTRIBUTION
The optimal caching distribution P * = {p x * , x ∈ X} that maximizes the hit probability can be obtained via solving the following formulation:
However, the hit probability depends on the caching distribution p x , x ∈ X in a complex manner. Particularly, the recursive nature of the OSA success probabilities expressions makes it impossible to analytically characterize (e.g., show convexity) the objective function or find tractable expressions for the optimal caching. Hence, we develop a simple, yet accurate, average approximation for the objective function (i.e., hit probability) assuming that each BS uses exactly , M channels for the multicast scheme. Note that the number of used channels per BS is a function of the optimal caching distribution p * x as well as the files popularity. Hence, it is hard to find an explicit expression even for the average number of channels used per BS. To maintain the tractability of the optimization problem, the average number of users per BS λu λ b is used as an overestimate on the average number of channels per BS. For the multicast scheme, the truncation min(
, M) is used to ensure that the maximum number of channels used per BS is M . Using such constant overestimates within the optimization problem would lead to a suboptimal solution for p * x , nevertheless, the results in Section VI show that the proposed suboptimal caching scheme provides tangible gains
when compared to the conventional Zipf and uniform caching strategies. The aforementioned approximation decouples the optimization variables from the recursive equations within the hit probability and makes the objective function concave. In addition, we assume that the network is interferencelimited such that the interference dominates the noise power (i.e., σ 2 = 0). Under such approximate scenario, we find lowcomplex suboptimal caching distribution for the unicast and multicast schemes.
A. Unicast Mode
Exploiting the aforementioned average approximation, the number of used channels by a generic SBS is (6) and (25) reduce to
Consequently, the thinning factors T and T −j become:
With the interference-limited network assumption (σ 2 = 0), the coverage probability C n in (22) simplifies tõ [43] . Thus,C n can be expressed as:
By substituting (29) and (31) into (22), the coverage probabilityC n can be evaluated. The approximate OSA success probability O n can be expressed using (28) as
where the PMFP n−1 (κ) is given bỹ
Thus, the hit probability can be expressed as
where ψ n (β,
The approximate hit probability is a function of p x through b j , via the linear relation between b j and p x in (3). Thus, the optimization problem in (27) is equivalent to [24, Lemma 2]
The concavity of the objective function in (35) (i.e.,H) is verified in the following lemma.
Lemma 4: The hit probabilityH in (34) is a concave function of b j , ∀j ∈ J.
Proof: By rewriting the hit probabilityH as the complementary of the miss probability, it becomes a separable function w.r.t b j , ∀j ∈ J as follows [12, Lemma 1] :
Note that ψ n (β,
, |S|) does not depend on the caching distribution b j . Thus, it is easy to confirm that the first derivative dH dbj is non-negative and the second derivative The concavity ofH and the linear constraints in (35) imply that the Karush-Kuhn-Tucker (KKT) conditions provide necessary and sufficient conditions for optimality. Therefore, the Lagrangian function of (35) is given by:
Therefore, the sub-optimal file placement b * j is the solution of the above convex optimization problem, which is given by the following lemma.
Lemma 5: The sub-optimal file caching strategy that maximizes the approximate hit probability in the unicast mode is given by:
where (38) is obtained via the bi-section method in a similar way to the one in [12, Algorithm] . Finally, the sub-optimal per combination caching P * = (p * x ) x∈X is obtained by solving the following feasibility problem [44, Sec. 4 .1]
We solve the linear programming in (39) using the simplex method. The complexity of (39) is highly reduced by eliminating the set of combinations that have zero caching probabilities. More precisely, given the sub-optimal solution of problem (35) 
B. Multicast Mode
Similar to the unicast mode, the average number of channels approximation in the multicast mode implies that the number of channels used per SBS isM ≡ min
Consequently, the thinning factors T and T −j reduce tõ
With σ 2 = 0, the coverage probabilityC n in (22) simplifies tõ
Given that each SBS usesM channels, the OSA success probabilityÕ n is given by:
Therefore, the approximate hit probabilityH is given bỹ
The approximate hit probability is a function of p x through b j , via the linear relation between b j and p x in (3). Thus, the optimization problem in (27) turns to:
The optimization problem in (45) is similar to (35) with ϕ n (β,M , |S|) substituting ψ n (β, 
The sub-optimal caching P * = (p * x ) x∈X is obtained by solving a linear program similar to the one given in (39).
VI. SIMULATION & NUMERICAL RESULTS
This section validates the developed mathematical model via Monte Carlo simulations, and discusses several design insights for the considered caching network. In each simulation run of the Monte Carlo simulation, two independent PPPs with intensities λ b and λ u are generated in a 10 × 10 km 2 area. The SBSs independently cache the popular files according to the considered scenario, namely proposed, Zipf or uniform. The user requests are realized using a Zipf distribution with parameter γ. Each users is associated to the nearest SBS that caches the requested file. The SBSs cater the files to the users in unicast or multicast modes using OSA. The simulation is repeated 1000 times and the hit probability is recored for the test user at the origin. Unless otherwise stated, the network parameters are selected as follows; λ b = 4 SBSs/Km 2 , P = 1 Watt, and η = 4. Fig. 1 shows the hit probability versus the SINR threshold for both the multicast and unicast transmission schemes. The figure shows good matching between the analytical and simulation results, which validates the developed mathematical model. Fig. 1 also illuminates the gain in terms of the hit probability when adopting the proposed sub-optimal caching compared to Zipf (i.e., file popularity based) and uniform caching schemes. Apparently, the hit probability gain achieved by employing the proposed caching is more significant for the unicast mode (Fig. 1a) compared to the multicast mode (Fig. 1b) , and also, for the high SINR threshold compared to the low SINR threshold. This observation can be explained by the cost of being catered from a farther SBSs. Particularly, when the interference is significant (i.e., in the unicast and/or high SINR threshold), the coverage probability from an SBS other than the geographically nearest one becomes too small. Hence, optimal caching design is highly desirable to maximize the probability of finding the desired file in the closest possible SBSs. However, when the interference significance is reduced (via multicast or lower SINR threshold), the cost of fetching the file from a farther SBS decreases and the effect of caching becomes less impactful.
It worth noting that we do not aim to quantitatively compare the performances of the unicast and the multicast schemes. Instead, we want to study the qualitative response and sensitivity of each scheme to the network parameters. However, due to space limitations, we combine the unicast and multicast performances in the rest of the figures. Fig. 2 shows the hit probability performance versus the number of channels. The figure manifests the superiority of the proposed caching over the Zipf and uniform schemes for both transmission modes. The figure also shows that the significance of the proposed caching gain in terms of hit probability decreases when increasing the number of channels. Thanks to the OSA, the interference is relieved as the number of channel increases, which reduces the cost of fetching the file from a farther SBS. That is, increasing the number of channels increases the capability of farther SBSs to successfully serve a requested file, which decreases the significance of finding the file in a nearer SBS. Thus, the gain of the proposed caching over the Zipf and uniform caching decreases as the number of channels increases. It can also be observed that the proposed caching superiority is more noticeable in the unicast mode than in the multicast mode, which is due to the lower OSA success and higher interference in the unicast mode.
The effect of fetching the files from a closer SBS is highlighted in Figs. 3 and 4 by increasing the cache size and increasing the Zipf parameter, respectively. Fig. 3 shows that increasing the cache size improves the hit probability due to the increased probability of finding the required file in a closer BS. This highlights the tradeoff between the caching system performance and the network storage resources. Fig. 4 shows that an increasing Zipf parameter improves the hit probability, which is due to the dominance of less number of files on the hit probability. Hence, this increases the probability of finding the dominant popular files in closer SBSs. In both figures, it is clear that the hit probability gain due to employing the proposed cache strategy is less significant in multicast mode when compared to the unicast mode, which manifests the cost of interference on the hit probability when fetching the file from farther SBSs. Fig. 5 plots the hit probability versus the average number of users per SBS (i.e., λ u /λ b ). As expected, the figure shows that the hit probability decreases as the average number of users per SBS increases. It can also be noticed that the unicast mode exhibits a faster decaying trend, particularly at high β compared with the multicast scheme. Indeed, such decrease can be attributed to the higher OSA failure probability at higher β, which increases the interference, and hence, the cost of fetching the requested file from farther SBS.
To better interpret the performance gains between the different caching strategies, we plot Fig. 6 to show the file caching probabilities in the buffer of a generic SBS. First, we note that the probabilities in Fig. 6 sum to M , which is the number of files that a SBS can store. The figure shows that the Zipf caching accounts for the file popularity, which interprets its superiority in Figs. 1-6 when compared the the uniform schemes. The proposed caching further adapts to the network conditions in addition to the file popularity, and hence, it outperforms the Zipf caching. For instance, Fig. 6a shows that, when the interference conditions are too adverse (due to the small number of channels and/or high β), the proposed caching strategy caches only the most M popular files in all SBSs for both the multicast and unicast transmission modes. Articulated differently, the proposed caching does not store any of the files c j for M < j ≤ J at any SBS. Indeed, any SBS farther than the closest one fails to cater a requested file with the required SINR threshold β. Consequently, the proposed caching strategy sacrifices the hitting probability of less popular files to guarantee that the most M popular files are always served from the geographically closest SBS. Relieving the interference adversity (i.e., by increasing the number of channels or decreasing β), Figs. 6b and 6c show that the proposed caching gradually approaches the Zipf distribution, i.e., gradually starts to diversify the caching options over the SBSs according to the files popularity. The figure also shows that the number of sacrificed files (i.e., that are never cached) depends on the cost of fetching the files from farther SBSs. Last but not least, the figure shows that the multicast scheme allows more diversified caching when compared to the unicast scheme, thanks to its higher OSA.
VII. CONCLUSION
This paper develops a mathematical framework, based on stochastic geometry, to characterize the hit probability of a cache-enabled unicast/multicast 5G network with SBS multichannel capabilities and opportunistic spectrum access (OSA). Integral forms for the hit probability, which reduces to closedforms at practical special cases, are obtained. To this end, the sub-optimal caching distribution that maximizes the hit probability is presented. The results manifest the superiority of the multicast transmission mode. The results also signify the importance of OSA and the proposed sub-optimal caching on the hit probability. In particular, at adverse interference conditions, the proposed caching significantly improves the hit probability when compared to the popularity or uniform based caching. When the number of channels increases, the OSA becomes effective and relieves the interference adversity. In this case, the cost of fetching the desired file from a farther SBS decreases and the significance of the caching strategy becomes less distinguishable.
The number of channels used by a generic SBS inside r n is the number of users associated to it and request any of its stored files. Note that the cached combination at any SBS closer to the test user than its serving SBS (inside r n ) does not contain the requested file c j , i.e., x ∈ X −j . Considering that might be some files that are not requested, 0 ≤ k a ≤ M denotes the number of active files (i.e., the files that are requested). Thus, the conditional PMF of the number of used channels by this SBS is given by
The probability that a SBS stores a combination x ∈ X −j is px (1−bj ) . Therefore, by averaging over all possible combinations in the set X −j , the unconditional PMF of N −j in lemma 1 is obtained.
APPENDIX B PROOF OF LEMMA 2
In the unicast mode, given that the number of used channels by a generic SBS outside D(r n ) to serve its associated users is N = κ. The probability that the SBS randomly chooses a particular channel is given by
Therefore, the unconditional probability can be obtained as
Then by substituting into (49), lemma 2 is obtained.
APPENDIX C PROOF OF LEMMA 3
In the multicast mode, given that the number of used channels by a generic SBS to serve its associated users, which is bounded by M , is N = κ. The probability that the SBS randomly chooses a particular channel is given by
The last equality comes from the fact that
Let b * , w * , μ * and v * be the primal and dual optimal. The KKT conditions for the optimization problem in (35) are given by
We write ψ n (β,
, |S|) as ψ n for simplification, therefore
From (54), (55) and (56), we have
which, when inserted into (55), gives 
